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ABSTRACT
This paper focuses on a design-consistent regression estimator in which the “auxiliaries” are
estimated from a stratified cluster sample and the regression coefficients from an arbitrary
subsample of the original sample. The reweighted expansion estimator described in Stukel
and Ko tt (199 7) is an exam ple of such an estimato r. Assum ing that the target variable is a
linear function of the auxiliaries plus an error term, asympto tic properties for bo th this
estimator and the jackknife estimator of its mean squared error are developed. These
theoretical results are used to explain some of Stukel and Kott’s empirical findings, which
in turn shed light on the asymp totic underpinnings of the theoretical results.
KEY W OR DS : Asymptotic; Bias; Do uble expansion estimator; Prim ary sam pling un it;
Rew eighted expa nsion estimator.

1. INTRODUCTION
This paper will focus on a two-phase desig nconsistent regression estimator for the m ean o f a
single target variable computed in the following
manner: first, a vector of covariate means is
estimated from a stratified cluster sam ple; then, a
vector of regression coefficients relating the target
variab le to the covariates at the element level is
estimated from an arbitrary subsample of the firstphase sample. The estimator has the same form as
the conventional design -consiste nt regre ssion
estimator for a population m ean o f a target variable
except that a first-phase estimated mean for the
vector of covariates is used in place of the population
mean for a vector of auxiliary variab les.
W e will assume a model in which the target
variab le is a linear function of the covariates plus an
error term. The two-phase regression estimator and
an expression for its variance under a combined
randomization (for the first phase) and model (for the
second phase) frame work is discussed in Section 2.
A jackknife estimator for this variance is analyzed
in Section 3. Section 4 concentrates on the special
case of a two-phase regression estimator in projection
form. Some empirical results for the weighted
expansion estimator partially published in Stukel and
Ko tt (1997) are reviewed in light of this analysis.
Other results from the same empirical study are

discussed in Section 5, which extends the theoretical
treatment in earlier sections to ratios of two-phase
regression estimators. Section 6 provides a more
general discussion.
2. NOTATION FOR TH E TW O-PHA SE
REGRESSION ESTIMATOR
W e need quite a bit of notation. Let i denote an
element in the population of interest, j a first-phase
primary sampling unit (PSU), and h ( = 1, ..., H) a
first-phase stratum. There are nh samp led P SU ’s in
stratum h and n sampled PSU’s overall. The
population size (in number of elements) is M , while
the second-phase sample size is m. Let S(h j) den ote
the set of elements in PSU j of stratum h. Let S
denote the entire first-phase sample of elements (an
element is in the first-phase sa mple if it is contained
within a P SU in the first-pha se sample).
Let w 1i denote the first-phase expansion factor
for i; that is the inverse of the first-phase selection
probab ility of the PSU containing i. Let w 2i deno te
the second-phase expansion factor for i: when
element i is in the second-phase samp le, w 2i is the
inverse of the conditional probability of selecting i
for that phase (conditioned on the first-phase
sample); when i in not in the second-phase sample,
w 2i = 0.
The two-p hase regression estimator for the

population mean y 0 = 3 M y i /M we will be addressing
here has the form:
t = 3 S w 1iw 2iy i /M +
(3 S w 1ix i /M ! 3 S w 1iw 2ix i /M )b,

(1)

(2)

and the ci are arb itrary constant.
In man y app licatio ns, M is unknown.
Consequently, t in equation (1) is not a practical
estimator for a population mean. Observe, however,
that Mt is a practical estimator for a population total.
The two estimators have parallel properties. They
have identical relative biases and identical relative
mean squared errors. W e focus here o n t to simp lify
the asymptotics.
If the ci in equation (2 ) have the form ci =
1/(x i8), where 8 is a column vector, then t can be put
in projection form:
tPROJ = ( 3 S w 1ix i /M)b
since
(3 S w 1iw 2ix i /M )b =
(3 S w 1iw 2ix i /M)(3 S c iw 1iw 2ix i'x i /M) -1
3 S c iw 1iw 2ix i'y i /M
-1
= (3 S [c i8'x i']w1iw 2ix i /M)(3 S c iw 1iw 2ix i'x i /M)
3 S c iw 1iw 2ix i'y i /M
= 8'(3 S c iw 1iw 2ix i'y i /M = 3 S w 1iw 2iy i /M .
The reweighted expansion estimator in Kott ans
Stukel (1997) is in projec tion form as is the more
general two-phase regression estimator discussed
later in that paper.
W e assume the yi and x i are related by the
following mo del:
yi = x i$ + e i,

tPROJ ! x 0$ = (x 1 ! x 0)$ + x 1(b ! $),
where x 1 = 3 S w 1ix i /M. The model mean squared
error of t PROJ is then

where x i deno tes a row vector of K cova riates,
b = (3 S c iw 1iw 2ix i'x i /M) -1 3 S c iw 1iw 2ix i'y i /M,

will treat x 0$ as the target of estimation from now
on.
The difference between tPROJ and x 0$ is

(3)

where E(e i *{x k}), and E(e ie g *{x k}) = 0 for i and g
from different PSU ’s, while E(eie g *{x k}) is bounded
other-wise.
This structure allows the elemental
errors ) the ei ) within the same PSU to be correlated
in an arbitrary manner. It should be noted, however
that if the second-phase of sampling uses a clustered
selection process, and second-phase clusters cut
across first-phase PSU’s, elements from the same
second-phase cluster but different PSU’s are assumed
not to have co rrelated errors.
For our p urpo ses, the target of estimation, y0, is
virtually identical to 3 M x i$/M = x 0$. As a result, we

E e[(tPROJ ! x 0$)] 2 = [(x 1 ! x 0)$] 2 + x 1Var e(b)x 1'.
The first term of this expression is the square of the
model bias of tPROJ . The exp ectation of this term
with respect to randomization (i.e., its design
expectation) is the rand omization variance o f x 1$.
For our purposes, then the randomization-model
variance of t PROJ is
Var RM(tPROJ) = Var 1(x 1$) + x 1Var e(b)x 1',
where the subscript 1 denote randomization inference
with respect to the first p hase o f sampling. The right
hand side of this expression differs from the model
expectation of the rand omization m ean sq uared of t
(or, equivalently, the randomization expectation of
the model mean squared error of t) in that the model
variance com ponent, x 1Var e(b)x 1', is conditioned on
the realized first-phase sa mple.
W hen t in equ ation (1 ) cannot be put in
projection form, the situation is a bit messier. The
mod el variance o f t is Var e{e 2 + (x 1 ! x 2)b}, where
e 2 = 3 S w 1iw 2ie i /M, and x 2 is defined analogously.
The randomization compone nt of the randomizationmodel variance of t is the same as that of tPROJ (i.e.,
Var 1(x 1$)).
Let x 1hj = 3 S(hj) w 1ix i /M; x 2hj = 3 S(hj) w 1iw 2ix i /M;
y 2hj = 3 S(hj) w 1iw 2iy i /M; q hj = 3 S(hj) c iw 1iw 2ix i'y i /M;
e 2hj = 3 S(hj) w 1iw 2ie i /M; u hj = 3 S(hj) c iw 1iw 2ix i'e i /M; and
Z hj = 3 S(hj) c iw 1iw 2ix i'x i/M. Just as x 2 = 3 H 3 j x 2hj, let
q = 3 H 3 j q hj (since the subscript 2 is not needed for
clarification, it has been suppressed). Define u and
Z analogously.
Now b = Z -1q and Var e(b) = Var e(Z -1u) =
-1
Z E(uu')Z -1 = 3 H 3 j Z -1E(u hju hj')Z -1 =
3 3 Var( Z -1u hj). The model variance of t is thus
Var e(t) = 3 3 Var e (e 2hj + [x 1 ! x 2]Z -1u hj)
= 3 3 Var e (a hj),
where a hj = e 2hj + [x 1 ! x 2]Z -1u hj. For tPROJ, this
collapses to 3 3 Var e (x 1Z -1u hj).
The randomization component of the
randomization-mo del variance o f t is

Var 1( x 1$) = 3 3 Var(x 1hj$).
We will assum e either, 1, the first-phase sample was
drawn with replacement but that the population,
strata definitions, and design are such that an
element can almost never be selected more than
once, or, 2, the first-phase sample was drawn
without replacement but that the popula tion, stra ta
definitions, and sa mple design are such that using
the with-replacement variance estimator has an
ignorably small bias.
If $ were known, the standard with-replacement
variance estimator for Var 1(x 1$) is
var1(x 1$) = 3 H (n n /[nh ! 1]) [ 3 j (x 1hj$) 2 !
( 3 j x 1hj$) 2/n h].

W e need some asymptotics to handle the Z-inverse
terms.
We will assume that
all the linear
expressions like fhj are O p(1/n), while f itself is no
more than O P(1). In fact, e and u are O P(1/on), since
each are the sum of n indep endent O P(1/n) terms.
Let f(hj) = f ! f(hj) = (n n /[nh ! 1])( fhj ! 3 g fhg /n h),
so that
Z (hj) -1 = [Z ! Z (hj) ] -1= [Z (I ! Z -1Z (hj) )] -1
= (I + Z -1Z (hj) + Z -1Z (hj) Z -1Z (hj) )Z -1 + O p(1/n 3).
Plugging Z (hj) -1 and the definition o f f(hj) into the left
hand side o f equation (5) yields:
t(hj) ! t = ! x 1(hj) $ ! e 2(hj) ! (x 1 ! x 2)Z -1u (hj)
! (x 1(hj) ! x 2(hj) )Z -1(u ! u (hj) )
+ (x 1 ! x 2)Z -1Z (hj) Z -1[u ! u (hj) ] + O p(n -5/2)

W e will call
H

v I(t) = var1(x 1$) + 3 3 j Var e(a hj)

(4)

the ideal estimator for the randomization-model
variance of t; that is
Var RM (t) = Var 1(x 1$) + 3 H 3 j Var e(a hj).

3. THE JACKKNIFE VARIANCE
ESTIMATOR FOR t

= ! x 1(hj) $ ! e 2(hj) ! (x 1 ! x 2)Z -1u (hj)
(6)
! {(x 1(hj) ! x 2(hj) ) ! (x 1 ! x 2)Z -1Z (hj) }Z -1[u ! u (hj) ]
+ O p(n -5/2).
Dropp ing terms of order 0P(n -3/2), we have
t(hj) ! t . ! x 1(hj) $ ! e 2(hj) ! (x 1 ! x 2)Z -1u (hj)
= ! x 1(hj)$ ! a (hj)
= ! {(n n /[nh ! 1])( x 1hj$ ! 3 g x 1hg$/n h)
+ (nn /[nh ! 1])( a hj ! 3 g a hg /n h)}.

(7)

So that
Let f(hj) = f ! (n n /[nh ! 1])( fhj ! 3 g fhg /n h), where f has
a linear form such as y 2, x 1, x 2, e, q, u, or Z. The
expression f(hj) is called the hj’th jackknife replicate
of f.
Now t can be rend ered as y 2 + (x 1 ! x 2)Z -1q.
The hj’th jackknife replicate of t is
t(hj) = y2(hj) + (x 1(hj) ! x 2(hj) )Z -1(hj) q (hj) .
The jackknife variance estimato r for t is
v J (t) = 3 H [(n h ! 1)/n h] 3 j (t(hj) ! t) 2.
To evaluate this variance estimator, we need
first evaluate the differences t (hj) ! t:
-1

t(hj) ! t = x 2(hj) $ + e 2(hj) + (x 1(hj) ! x 2(hj) )Z (hj) q (hj)
! x 2$ ! e 2 ! (x 1 ! x 2)Z -1q
= (e2(hj) ! e 2) + (x 1(hj) ! x 1)$
(5)
+ (x 1(hj) ! x 2(hj) )Z (hj) -1u (hj) ! (x 1 ! x 2)Z -1u

E e[(t(hj) ! t) 2] .
[nh /(nh ! 1)] 2{(x 1hj$ ! 3 g x 1hg$/n h) 2 +
[(1 ! 2/n h)Var e(a hj) + 3 g Var e(a hg)/n h]},
and
E e[v J(t)] = 3 H [(n h ! 1)/n h] 3 j E e[ (t(hj) ! t) 2]
. var1(x 1$) + 3 H 3 j Var e(a hj).
This last near equa lity tells us that the jackknife
is a good estimator for the randomization-model
variance of t discussed in the last section. In fact,
incorporating some of the higher order terms dropped
from equa tion (6), we can conclude that
E e[v J(t)] = var1(x 1$) + 3 H 3 j Var e(a hj) + O (1/n 2)
= v I(t) + O (1/n 2),
where v I(t) is the ideal variance estim ator defined in
equation (4).
If we make the ad ditiona l mild
assumptions that the sampling design and population
are such tha t v I(t) and Var RM(t) are O(1/n), then the
relative bias of the jackknife relative to the “gold
standard” of the ideal variance estimato r is O(1 /n).

4. THE JACK KNIFE FO R THE TWO -PHASE
REGRESSION ESTIMATOR
IN PROJECTION FORM
W hen the two-phase regression estimator can be put
in projection form; that is, when ci = 1/(x i8) for some
vector 8, equation (6) collap ses to
t(hj)PROJ ! tPROJ = ! x 1(hj) $ ! x 1Z -1u (hj)
! (x 1(hj) ! x 1Z -1Z (hj) )Z -1[u ! u (hj) ]
(6')
+ Op(n -5/2).
This is because 8'c ix i' = 1, so tha t x 2Z -1 = 8',
8'u hj = e 2hj, and e 2(hj) = x 2Z -1u (hj) . In add ition,
8'Z hj = x 2hj, so that x 2(hj) = x 2Z -1Z (hj) .
Denote E(u hju hj') by V hj. Recall that the u hj are
independent and u (hj) =[n h /(nh ! 1)](u hj ! 3 g u hg /n h] ,
so that E(u (hj) u) = [n h /(nh ! 1)](V hj ! 3 g V hg /n h) and
E(u (hj) u (hj) ’) = [nh /(nh ! 1)] 2 (V hj[1 ! 2/n h] +
3 g V hg /n h2). From (6'), we have
(hj)
E e[(t(hj)PROJ ! tPROJ) 2] = (x 1(hj) $) 2 + Var e(x 1Z -1u )
-1 (hj)
(hj)
+ 2(x 1 ! x 1Z Z )Z - 1
E e([u ! u (hj) ]u (hj) ’)Z -1x 1'
(hj)
+ (x 1 ! x 1Z -1Z (hj) )Z -1
E e(uu’)Z -1(x 1(hj) ! x 1Z -1Z (hj) )'
+ O(n -7/2)

. (x 1(hj) $) 2 + Var e(x 1Z -1u (hj) )
+ 2(x 1(hj) ! x 1Z -1Z (hj) )Z -1[n h /(nh ! 1) 2]
(V hj ! 3 g V hg /n h)Z -1x 1'
-1 (hj)
(hj)
+ (x 1 ! x 1Z Z )Z -1(3 3 V fg)Z -1
(x 1(hj) ! x 1Z -1Z (hj) )'.
Letting V denote 3 3 V hj and V (hj ) deno te
[n h /(n h ! 1)](V hj ! 3 g V hg /n h), we can express the
expected value of the jackknife variance estimator for
tPROJ as
E e(v J[PROJ]) .
var1(x 1$) + Var e(x 1Z -1u)
(8)
+ 23 (1/n h) 3 (x 1(hj) ! x 1Z -1Z (hj) )Z -1V (hj) Z -1x 1'
+ 3 3 ([n h ! 1]/n h)(x 1(hj) ! x 1Z -1Z (hj) )Z -1VZ -1
(x 1(hj) ! x 1Z -1Z (hj) )'.
The asymptotic bias of the jackknife is captured by
the last two lines on the left hand side of equation (8).
For many applications, V will be roughly equal
to a multiple of Z. Observe that both x 1(hj) and x 1Z 1 (hj)
Z
have randomization e xpectations o f
(asymptotica lly) zero, but that the former is often
likely to be a go od less variab le because it is based
on the entire first-phase sample. Consequently, in
many applications the contribution to the asympto tic

bias of the jackknife from first-phase stratum h )
roughly proportional to
([n h ! 3]/n h) x 1Z -1Z (hj) Z -1Z (hj) Z -1x 1 ! will be negative
(positive) when nh is less (grea ter) than 3.
One pop ular examp le of the two-phase
regression estimator in projection form is the
reweighted expansion estimator for a population total
explored in Stukel and Kott (1997).
For this
estimator x i is a vector of group mem bership
indicators, where the groups are mutually exclusive,
and all the ci are equal to 1. Consequently, the
com ponents of M x 1 and Mx 2 are estimators of the
group population totals based on the first- and
second -phase samples respectively, Z is a diagonal
matrix with the same va lues of x 2, and b is a vector of
estimates of the group y-means based on the secondphase sample.
The reweighted expansion estimator in Stukel
and Kott had the form Mt = Mx 1b.
They also
inves-tigated the double expansion estimator, which
had the form Mx 2b.
Diane Stukel performed a
simulation in which, first, a with-replacement,
stratified, simple random sample of area clusters
(PSU ’s) was drawn, then all the individuals from the
sampled clustered were restratified into 5 age groups,
and a without-replacement stratified, simple random
second -phase sample of individuals was drawn. Two
PSU’s were sampled from each of the 18 first-phase
strata, while second-phase stratum sample sizes ran
from 5 to 50 individuals. Four thousand (4, 000)
simulations were conducted for each sample size.
For comparison purposes, completely-enumerated
first-phase sample were also simulated. More d etails
on the data set and simulations are provided in Stukel
and Ko tt (1997).
The results of this empirical analysis for the
variab le “total employment” are presented in Ta ble 1.
For the jackknife of the double expansion estimator,
the replicate t (hj) was set equal to y2(hj) . A less
successful alternative formulation discussed in
Stukel and Kott is not presented here. Note that
when the entire first-phase sample is enumerated the
reweighted and double expansion estimators are the
same.
The reweighted expansion estimator appears to
have a trivial relative bias which increases in abso lute
value as the second-phase sample size decreases.
The double expansion estimator is unbiased. The
tiny relative biases for this estimator in the Table are
due to the finite nature o f the simulations.
The reweighted expansion estimator is mod estly
more efficient (has less mean squared error) that the
corresponding doub le expansion estimator. The
efficiency gain appears to increase as the secondphase sample size decreases.

The jackknife variance estimates for the
reweighted expansion estimators have small negative
biases, which w ere anticipated by the theory
developed
in this section. These biases tend to inc rease in
abso lute value as the second-phase sample size
decreases. In theory, they should be an asymp totic
function of the first-stage sample size only. In
practice, the increasing relative variability of the Z hj
within first-phase strata ) and thus x 1Z -1Z (hj) Z -1Z (hj)
Z -1x 1' (see equation (8) and the discussion following
it) ) may be the determining factor. Note that the
com pon ents o f th e d iago nal matrix M n hZ hj are
estimators of the numbe r of individuals within firstphase stratum h from a particular age group (secondphase stratum) based on the second-phase samp le in
PSU j of stratum h. The sm aller the second-phase
samp le size, the more variable the Z hj within strata
given fixed n h.
The jackknife variance estimates for the d ouble
expansion estimators have a strong upward bias. Am
explanation for this can be found in Kott (1990),
where using
the standard two-stage, withreplacement variance estimator ) equivalent to the
jackk nife in this case ) is shown to be biased
upward.

Table 2 pre sents the results of another set of
simulations conducted by Stukel using the same data,
first-phase strata, and second-phase sample design as
in Stukel and Kott, but with 70 first-phase sample
PSU’s (out of 220). In these new simulations, 8 of
the strata have 4 or more sampled PSU ’s. The other
10 again have 2.
The abso lute relative biases of the reweighted
expansion estimator is a bit larger in the new
simulations but are still small. Surprisingly, the
efficiencies of the estim ators go do wn (except , of
course, when the who le first-phase sample is
enum erated ).
The efficiency gains from using the reweighted
over the double expansion estimator are more
pronounced in the new simulations. a reaso nable
explanation for this is that the precision of the
estimator x 1 is greatly improved by adding PS U’s,
while the precision of x 2 ) based a second-phase
sample that has not increased in size ) is not.
The relative biases of the jackknife for the
reweighted expansion estimator remain small but now
are no t all negative. Th is may be d ue to those strata
with mo re than 3 sam pled PSU’s.

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
Table 1. Estimating Total Employment With a Two-PSU-Per-Stratum Design
Second-Pha se
Stratum
Sam ple Size

Reweighted Expansion Estimator

Second-Pha se
Stratum
Sam ple Size

Reweighted Expansion Estimator

Double Expansion Estimator

% RelB ias of
Sca led
RelB ias of
% RelBias of
Sca led RelBias of
Estimate
MSE*
Jackknife
Estimate
MSE* Jackknife
All
0.04
100
0.94
0.04
100
0.94
50
0.14
183
-0.99
0.16
186
46.4
20
-0.30
323
-2.51
-0.01
360
68 .2
10
-0.29
549
-5.81
0.03
632
78 .2
5
-0.56
1002
-5.13
0.12
1171
86.2
))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
Table 2. Estimating Total Employment With a Variable-PSU-Per-Stratum Design
Double Expansion Estimator

% RelB ias of
Sca led
RelB ias of
% RelBias of
Sca led RelBias of
Estimate
MSE*
Jackknife
Estimate
MSE* Jackknife
All
0.11
59
-1.94
0.11
59
-1.94
50
-0.15
186
-4.49
0.09
287
31.9
20
-1.12
366
-6.56
-0.34
620
41 .1
10
-1.51
622
-6.03
-0.06
1197
41.6
5
-2.35
1088
3.57
0.14
2319
44.7
))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
All results based on 4,000 simulations.
* Scaled so that original estimato r based on the full first-phase sample has Variance (M SE) equal to 10 0.

There does not ap pear to be reductions in
relative bias for a given second-phase sample size
from increasing number of PSU’s. One reason for
this may be the reduced first-phase variance, which
) all other things being equal ) increases the
potential contribution to relative bias from secondphase variance estim ation. A nother possibility is
that the Z hj have become m ore variable as the same
second phase samp le size is distributed over move
PSU ’s.
Finally, the jack k n ifes fo r th e double
expansion estimato r have
reduced, but still
unaccep tably high, relative biases.
5. THE RATIO O F TW O-PHA SE
REGRESION ESTIMATORS

E e[(r - R)2] = (x 1$[2]) -2{[(x 1 ! x 0)($[1] ! R$[2])] 2
+ 3 3 Var e a hj}[1 + 0(1/n)].
(9)
If the population and first-phase sampling design
are suc h that
Var 1{(x 1$[2]) -1[(x 1 ! x 0)($[1] ! R$[2])]} =
Var 1{(x 0$[2]) -1[(x 1 ! x 0)($[1] ! R$[2])]}
[ 1 + 0(1/n)], (10)
then a reasonable expression for randomizationmod el mea n squa red error o f r is
MSE RM(r) = {(x 0$[2]) -2Var 1[x 1($[1] ! R$[2])]
+ (x 1$[2]) -23 3 Var e a hj}[1 + 0(1/n)].

Let us adopt the framework of Section 2 for two
variables of interest, yi[1] and yi[2]. In particular for
k = 1 or 2, let y0[k] = 3 M y i[k]/M,

Using similar arguments, we can show
that the jackknife variance estimator based on the
jackk nife replicates r (hj) = t(hj) [1]/t(hj) [2] has a model
e x p e c t a ti o n ( g i v en a r e a li z ed s a m ple )
asymp totically eq ual to

t[k] = 3 S w 1iw 2iy i[k]/M +
( 3 S w 1ix i /M ! 3 S w 1iw 2ix i /M )b [k],

[x 1$[2]] -2var1[x 1($[1] ! R$[2])] + (x 1$[2]) -2 3 3 Var e a hj,

and

which is itself asymptotically clo se to

[k]
b [k] = (3 S c iw 1iw 2ix i’x i /M ) -1 3 S c iw 1iw 2ix i’yi /M .

W e assume that each yi[k] is related to x i through the
mod el:
yi[k] = x i$[k] + e i[k],
where the ei[k] have mean zero and are uncorrelated
across PSU’s and bounded within PSU ’s. It is not
necessa ry for e i[1] and e i[2] to be uncorrelated.
We are interested in the properties of
r = t[1]/t[2] as an estimator for y0[1]/y0[2], which for
our purpo ses is indistinguishable from R =
x 0$[1]/x 0$[2]. Define yi as y i[1] ! Ryi[2], and define e i
analo gously. Defining other terms from Section 2
as before based on y i, e i, yi[2], and e i[2] above, we
have
r ! R = (t [2]) -1[x 1($[1] ! R$[2]) + 3 3 a hj]
= (t [2]) -1[(x 1 ! x 0)($[1] ! R$[2]) + 3 3 a hj].
Under the asymptotic assumptions
analogous to those in Section 3, we have
t[2]/x 1$[2] = 1 ! (x 1$[2]) -1 3 3 a hj[2] + 0 p(1/n).
So that

[x 0$[2]] -2var1[x 1($[1] ! R$[2])] + (x 1$[2]) -2 3 3 Var e a hj.
Thus, the jackknife provide a reasonable estimator
for the ra ndomization-mo del variance of r.
Table 3 is based on the same set of
simulations as Table 1 from the last section. Here,
the emp loyment rate, the ratio of total employment
to the total number of individuals in the workforce,
is the target of estimation.
Observe that the ratio of two double
expansion estimators is usually no less efficient
than the ratio of two reweighted expansion
estimators. Moreover, the jackknife provides
reasonable mean squa red error estimates fo r both
the double and reweighted exp ansion estimators.
These two results have a sim ple explana tion:
($[1] ! R$[2]) in equations (9) and (10) must be
close to 0; that is, the employment rate must be
close to equal across second-phase strata. T his
(ne a r) equa lity (virtually) removes the
randomization compone nt, which revolves around
the estimatio n of x 0 with either x 1 or x 2, from the
mean squared errors of the two expansion
estimators. As a result, the jackknife need only
estimate the model variance of the two estimators,
which it does reasonably well in bo th cases. Its
negative bias for the dou ble expansion estimator
can be sho wn to have an explanation analogous to
the reweighted expansion estimator for the

emp loyment total.
The absolute relative biases for the
jackk nife in Table 3 seem larger than those in
Table 1.
This may be due to the (near)
disappearance of the randomization component of
mean squared error inc reasing the po tential for
contribution to relative bias in variance estimation
from the second phase of sampling.
Ta ble 4 returns to the data se t, sampling
design, and target as Table 1. Now, however, two
new estimators are considered. Both divide the
first-phase strata into four post-strata. Two of
these post-strata contain 2 strata, a third contains 4,
and the last 10.
W ithin each post-stratum, the ratio of total
employment to total nu mbe r of individuals is estimated using the ratio of rew eighted and d ouble
expansion estimators, respectively (yj[k] is set to 0
when i is out of the post-stratum). Census counts
for the four post-strata are used to weight the
estimated ratios together.
This produces
estimators that are usually more efficient than
analogous reweighted expansion estimators (except
when the second-phase sample size is 5 elem ents

per stra tum).
The post-stratified estimators have more
noticeable, although still small, relative biases.
The post-stratified double expansion estimator is
less efficient than the post-stratified reweighted
expansion estimator and its jackknife variances
have pronounced up ward bias. It seems that
within post-strata ($[1] ! R$[2]) is not close to 0;
that is, the ratio of total employment to total
number of individuals varies acro ss second-phase
strata.
The absolute relative biases for the
jackknife of the post-stratified reweighted
expansion estimator are the largest we have seen
for reweighted estimators. This is likely due to the
small number of PSU’s within some post-stratum
ratios, which severely challenges a theoretical
result ba sed o n asymptotics.
Stukel conducted analogous simulations
to those summarized in Tables 3 and 4 based on 70
first-phase sample PSU’s.
T hey offer little
additional insight, however, and will not been
reviewed here.
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Table 3. Estimating the Employment Rate With a Two-PSU-Per-Stratum Design
Second-Pha se
Stratum
Sam ple Size

Reweighted Expansion Estimator
% RelB ias of
Estimate

Sca led
MSE*

RelB ias of
Jackknife

Double Expansion Estimator
% RelBias of
Estimate

Sca led
MSE*

RelBias of
Jackknife

All
-0.09
100
2.08
-0.09
100
2.08
50
-0.09
314
-3.53
-0.08
314
-2.46
20
-0.31
663
-3.45
-0.27
662
-1.53
10
-0.19
1261
-7.09
-0.12
1251
-5.21
5
-0.26
2525
-6.55
-0.13
2516
-7.41
))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
Table 4. Estimating Total Employment With a Two-PSU Per Design and a Post-stratified Estimator
Second-Pha se
Stratum
Sam ple Size

Reweighted Expansion Estimator
% RelB ias of
Estimate

Sca led
MSE*

RelB ias of
Jackknife

Double Expansion Estimator
% RelBias of
Estimate

Sca led
MSE*

RelBias of
Jackknife

All
0.06
33
3.30
0.06
33
3.30
50
-0.08
117
4.88
-0.05
122
28.5
20
-0.93
273
6.42
-0.71
284
32.0
10
-1.96
522
12.03
-1.67
541
35.3
5
-4.44
1101
9.20
-3.98
1141
22.4
))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))
All results based on 4,000 simulations.
* Scaled so that original estimato r based on the full first-phase sample has Variance (M SE) equal to 10 0.

analysis.

6. DISCUSSION
Ko tt and Stukel (1997 ) shows th at the jac kknife
provides an asymptotically unbiased estimator for
the randomization mean squared error of the twophase design-consistent regression estimator, at
least in projection form, when, 1, the second phase
of sampling is stratified, simple random sampling
at the element level, and 2, the covariates in the
regression estimator include indicator variables for
all the second-phase strata.
By invoking the usual linear model, we
saw here that even without those two restrictive
c o n d i t i o n s , t h e j a c k k n i fe p r o vides a n
asymp totically unbiased e stimator of what we
called the rando mization-mo del variance; that is,
the mod el variance o f the two-phase designconsistent regressio n estima tor plus th e
randomization expectation of its squared model
bias. The lone non-asymptotic restriction needed
is that the element errors be unco rrelated acro ss
PSU’s.
The randomiz ation-m ode l varianc e of a
two-phase design-consistent regression estimator is
related to more conventional measures of accuracy
in the following manner. The randomization
expectation of the randomization-model variance
is the randomization expectation of the model
mean squared error or, equivalently, the model
expectation of the randomization mean squared
error.
The subject of the variance of the
jackk nife has not yet been addressed. Emp loying
equation (7), the jackknife variance estimator for
the two-phase regression estimator can be
expressed as
v J(t) = 3 H 3 j (n n /[nh ! 1]){( x 1hj$ ! 3 g x 1hg$/n h) +
( ahj ! 3 g a hg /n h)} 2
= 3 H 3 j (n n /[nh ! 1])( x 1hj$ ! 3 g x 1hg$/n h) 2
+ 3 H 3 j (n n /[nh ! 1])( a hj ! 3 g a hg /n h) 2
(12)
H

+ 2 3 3 j (n n /[nh ! 1])( x 1hj$ ! 3 g x 1hg$/n h)
( ahj ! 3 g a hg /n h).
Let up call the expressions in the last three lines of
equation (12) , a, B, and 2C, respectively . Even
allowing the simplifying assumptions that E(AC) =
E(BC) = Cov(a, B) = 0 and Var(C) = E(AB), we
have Var[v J(t)] = Var(a) + Va r(B) + 6V ar(C). This
expression is difficult to analyze without specifying
a model for x i, which is beyond the scope of this

Recall that with the Stukel and Kott data,
the randomization-model variance of employment
rate estimator virtually had no randomization
com ponent. As a result, the variance of the
jackk nife is, for all intents and purposes, the
variance of B. Since the relative variance of B
tends to increase as the second-phase sample size
decreases, it is not surprising that Stukel and Ko tt
found that the coefficient of variation (CV) o f the
jackk nife of the ratio of two reweighted expansion
estimators increased as the second-phase samp le
size per stratum decrea sed. W ith 50 individuals
per stratum the CV was 59.2%, with 20 individuals
65.7%, with 10 individuals 74 .2% , and with 5
individuals per stratum 103.1%. T he number are
quite similar for the ratio of two double expansion
estimators and fo r the set of simulations with 72
PSU’s.
One surprising result in Stukel and K ott
was the 78.4% CV for the jackknife when the firstphase sample was comp letely enumera ted. T his
may be due to the impact on variance estimation of
with-replacement first-phase sampling. If the same
PSU was selected twice in a stratum, that stratum
only contributed to the variance estimate when the
first-phase sample was not completely enumerated.
This is likely the cause of the relative instab ility of
the jackknife for the fully-enumerated first-phase
sample. When Stukel increased the number of
PSU’s to 72, the CV shrunk to 30.4% for the fullyenumerated first-phase sample, while staying in the
same general neighorho od fo r the other sub-samp le
sizes.
This begs the question: if Stuckel’s
simulations contained double-hits of some P SU’s,
why do her results have any relevance to the
analysis in the text, which assumed away such a
possiblity? The reason they are relevant is because
the likelihood of double-hits at the element level
for the subsampling simulations is very sm all.
Hence, the model-based portion of the analysis in
the text applies as long as we assume independence
(or near indep endenc e) of the element errors, the ei,
across elements in the same PSU.
It is a simple matter to extend the analysis
in the text to an estimator sim ilar to t in equation
(1) but with a more complex covariate mean
estimator than x 1 = 3 S w 1ix i /M. For example, the
estimator x 1 may itself be a multi-phase designconsistent estimato r. It may also incorp orate
auxiliary variables whose population means are
known and do not have to be estimated.
For
example, a better use of the post-stratum
population sizes in the Stukel and K ott data would

have been in the estimatio n of M x i, the vector of
age group po pulatio n totals (i.e., second-phase
strata) based on the first-phase sample.
The randomization variance of x 1$, a key
component of the randomization-model variance of
t, may itself be replaced by a randomization-model
variance or even by a model variance; for example,
by assuming the Mx i are have a common mean
within first-phase strata and are uncorrelated across
PSU’s.

Variance Estimation W ith Survey Data Under Hot
Deck Imputatio n. Biometrika, 811-822.
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